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Section 1

Functions

2.1
2.2

2.3
2.4
2.5
2.6
2.7

“s Learning Goal(s)

= Knowledge L Skills @ Understanding
Simplifying surds Rewriting surds in lowest base The difference between
and rationalising simplifying and  rationalising
surds

@ By the end of this section am | able to:

Explore the concept of a function machine

Define and use a function and a relation as mappings between sets, and as a rule or a formula that
defines one variable quantity in terms of another.

Identify types of functions and relations on a given domain, using a variety of methods.
Use function notation, domain and range, independent and dependent variables.
Piecewise functions

Understand the concept of the graph of a function

Define the sum, difference, product and quotient of functions and consider their domains and ranges
where possible.



FUNCTIONS — INTERVAL NOTATION 5

1.1 Interval notation
Q Definition 1

Types of numbers

o N natural

® Z: ... integers

e Q. rational numbers
o R real numbers

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



6 FUNCTIONS — INTERVAL NOTATION

&) Definition 2
Set notation (read left-to-right)

e c: belongs to the  set  of
e N: and (more formally: intersection . )
e U: or (more formally: union )

|Al: the magnitude (or  size ) of set A. Refers to the

number of unique elements in the set.

o A A°or A: the complement of set A. Everything that is

not in the set A.

e U the empty set. If |[A] =0, then A =&

[a, b]: all real numbers from a to b inclusive.

(a,b]: all real numbers from a to b, exclusive at a, inclusive at b.

‘fs Example 1

Write in interval notation:

g Example 2

Write in interval notation:

\ T cl) i i >

-2 -1 0 1 2

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — INTERVAL NOTATION 7

Exercises

Source These exercises are from [Coroneos (1990, Set 2C, p.49-50).

1.  Use braces to illustrate with inequality signs the following intervals. Illustrate each
interval on the real number line.

(a)  (=3,0] (b)  [0,1] (¢)  (0,00) (d) [1,3)
2. Use parentheses “()” and brackets “[]” to denote

(a) {xr:1<xz<5} (¢) {x:z>0}
(b) A{x:x< -1} (d) {zx:-3<z<2}

3. Which of the operations (U or N) will make the first two intervals, the third?
(a)  (1,3), (2,4), (2,3) (b) [=1,2), [0,4), [-1,4)

4.  Illustrate on the number line:
(a) (=1,0] (b)  [-1,2] () [-1,2) (d) (=1,2)

5.  State whether A= B, A C B or B C A in the following:

(a) A={zr:2<x<5}, B=(0,6) (c) A=(0,1], B=]0,1]
b) A=[23], B=(23) (d) A=[0,1,B={r:0<z<1}
Answers
1. (a) {z:-3<z<0} (b) {z:0<z<1} (¢) {z:z>0} (d) {z:1<z<3}
2. (a) [L5) (b)  (—o0,-1) (c) [0,00) (d)  [-3,2]
3. () n (b) U
Q ¢ . L —>
4. (a) _Yl 0 (c) o )
¢ ¢ 0 —>
® T : @ = >
5. () ACB (b) BCA (c) ACB (d A=B

:= Further exercises

Ex 10C @ Ex 12C
e Q1-14
e Q1-17

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



FUNCTIONS — RELATIONS AND FUNCTIONS

1.2 Relations and functions

&) Definition 3

&, Laws/Results
Four types of relations:

e One to one

e Many to one

&) Definition 4

Functions are relations in which each ~  input
one output ( y . -value).

&, Laws/Results
Only ome — to | one ~and  many
functions.

A relation is a  rule  that maps elements
... domain tothe  range

e The domain is the set of all possible x values.

e The  range s the set of all possible y values.

e One to many

e Many to many

( « -value) maps to only

one relations are

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — RELATIONS AND FUNCTIONS

0 Important note

| If a graph is available, use the (informal) vertical line test.

}s Example 3

of relation. y .

State whether the following are functions or simply relations. Also, classify the type

Function/not a function

Type: ... One to one
Domain: D={z:zeR}
Range R={y:y<R}

Type: ... Many to many
Domain: D={z:-2<z<2} |
Range: = R={y:-2<y<2} .

Function/not a function

Type: ... One to one
Domain: D={z:ze€R}
Range: R={y:y>0} .

Function/not a function

Type: ... One to one
Domain: | D={z:zeR} .
Range R={y:y &R}

NORMANHURST BOYS’ HIGH SCHOOL

FuNcTIONS & GRAPHS



10

FUNCTIONS — RELATIONS AND FUNCTIONS

of relation.

Y

‘fs Example 4

State whether the following are functions or simply relations. Also, classify the type

14
)
() z
)
20—
(d) o
/ 2

Function/not a function

Lopes | Mempiooms
Domain: D={z:zeR} ..
Range: R={yiyz-at. ...
Function/not a function

Type: ... Manytoone
Domain: D={z:z>0} . . .
Range: . R={y:-1<y=<1} .. ..

Function/not a function

One to one

Type: ... Manytoone
Domain: D={z:ze€R\{0}} |
Range: =~ R={y:y<-30ty=2} . . . ...

Function/not a function

Type: ... ... One to many =
Domain: D={z:z>-2} |
Range R={y:yeR}

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — RELATIONS AND FUNCTIONS

11

Exercises

1.  Write down the domain and range of each relation:

(a)  {(1,3),(3,0),(5,4)} (b)  {(1,1),(2,1),(3,1)}

2. State whether each relation is a function or not a function:

(a) {(1,1),(2,2),(3,3)} (b) {(1,2),(2,3), (L4} (c)

Answers

1. (a) D =1{1,3,5}, R=10,3,4}. (b) D =1{1,2,3}, R = {1} 2. Functions: (a), (c¢), (d),
®), (&), (1), (k)

:= Further exercises

@ Ex13];) (x1) Ex 3B
° QI, . QL2

(

e

), (1), (3)

Relations only: (b),

NORMANHURST BOYS’ HIGH SCHOOL
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Algebralc rule - Name Placeholder
Dependent varlable§ Independent Varlable

g T Eamples
5 : For the function f(z) = z* + 4z + 1, : : :

| 5 (a) Find f(1) (d) Find f(k+1) 5 5 5
......... ....... (b) Find f(_3) (e) Find f(3 - k) ......... ......... ..........
@ Fwa s (f)  Sketch the function —

B il T T S o S S

N @Ex3A () Ex 3A A

o Q4-5,7-9, 11-17




... Funcrions FUNCTION NOTATION 13
444444444 .......... 4444444444 1.31CUmpositionoffunctions ............................................................................................
.............................. 5 Zu‘i Learning ‘Goal(s) 5 5 5 5 5 5 5 5 5 S
= Knowledge £ Skills @ Understanding
________________________ What are compositions of Algebraic manipulation required The result of composition of = : -
functions to simplify the composition of two function, in relation to the :
. : : : functions original functions
e e L L PTTLIOD SLOPE. RCTUS L SR Ve SO U0 SR SIS 05 SOC Y0 AN YO0 05 Nee A0 M OSSO SRS S SO SRR e D
2.13 Define and use the composite function f (g(:r)) of functions f(z) and g(x) where appropriate.
R S i """""5'5/'Definit:ion“!'i""""'% ....... i S S R I S S SR e SR S b
| ¥ f(2) = 22, then f maps x to 2% ie. e
f:z— a2
E/Deflmtlonﬁ ............................................................................................................................................
If there are two mappings h and g, then their composition
e hog: maps g, followed by h
e g o h: maps h, followed by g
(Draw function chain diagrams and regular function notation to illustrate)
i & Laws /Results 0 S S D NN S S i R S S
If f and g are functions and the composite function f (g(:v)) exists:
e The outer function is f, the inner function is g. :

: : e The  range  of the  inner  function must be a subset of the :
..................................... domain ~ ofthe  outer  function.
................................ — The  domain  of the  inner  function may need to be

restricted 1
e S e« The domam ofthe.inmier " finotion (ot ibs Testricted verston) T
............................... isthe  domain  of the composite function.
S L L —— —— — S TR T T e e e ST T S S



T Bl _________ s

For the functions f(z) = 72% + 3 and g(z) = (2z + 5)?, draw a ‘function machine’

depicting the input/outputs, and also evaluate:

iy T Bample?
R Exlsos]@\icsm_emmgdmﬂlfh r2?andgizz+3,

i then find B O 6 O

--------- ....... () hog(l) () goh(~2) () gohla) (@) hogla) ......... ..........

o S




......... .......... .......... ]='Exarnple8 ........ e e, R UE RN SO I SR s i, e e, ..........

[2021 Independent Adv Trial] If f(z) = /= and g(z) = 4—2?, what is the domain o

of the function f(g(x))7 5
(A) [-2,2] (C) (=00,2]U[2,00) . R

(B) [07 OO) (D) (—OO, OO)

izl A Ranges £ —00,i00) i it e e ..........
,00) Range: (—00,0) U (—,00) |
o) Range: (0,00)

o S

NORMANHURST BOYS' HIGH SCHOOL



16 : : : : : : : : : : : FUNCTIONS — FUNCTION: NOTATION:

T gl

[2021 Adv HSC Q10] The graphs of y = f(x) and y = g(z) are shown.
YA i

....... ...... y=/(x) y=g(x) ........ ........ .........

=Y
=Y

Which of the following best represents g ( f (3:)) ?

A. YA B. Vi




FUNCTIONS — FUNCTION NOTATION 17

Exercises
1. If f(z) = 222 — 1, evaluate:
(a)  f(0) (c)  f(-2) (e) fla)
(b)  f(3) (d)  3f(1) — (f(2))° () fle+1)

1
2. Ifglx)=2"+——
9(x) 7

(a)  Evaluate: i. g(0) ii. g(—4) as a fraction.
(b)  For what value of x does g(x) not exist?

3. If f(z) =2+ 1 and g(x) = 2z — 3, evaluate and simplify:

(a)  flg(0)] (b)  g[f(0)] (c)  flo(=)] (d)  glf(2)]
4.  Evaluate h(3) if

(a) h(z)=5—-=x (d) h(z)=6

(b)  h(r) = V25 —a? (e)  h(z) = |z|

(c) h(z) =6z (f)  h(z) =22 — 1| — |3 = 5z

7. If A(z) =22%+ 7z — 4 and B(x) = 2z — 1, solve A(z) = B(x).

1
8. If f(z) = 27, for what value of x does f(z) = Z?

flz+h) - f(x)
- :

10. If g(x) = 2* — z — 1, for what values of x does g(z) = g(—xz)?
11. If f(z) =ax +b, and f(3) =2, f(4) =4, find a and b.
12. IfH:2x+—2x—1and G : 2z~ 22, find:

9. If f(x) = 2% + x, simplify fully:

(a) HoG(1) (b) GoH(1) (¢) HoG(2) (d) GoH(2)
13. If m:a2+— 2 —3and n:x+— 22, find:
(a)  mon(x) (b)  nom(x)

(c)  the value of x such that m on(z) = nom(z)

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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FuUNCTIONS — FUNCTION NOTATION

14.

15.

1
If h(z) = —, x # 0 and g(z) = x — 2, find a value of x for which ho g(x) does not exist.
T
[2021 CSSA Adv Trial Q14| Consider the function f(x) = ax + b, where a and b
)

are constants. The function satisfies f(—3) =9 and f(5) = —7.
(a)  Find the values of a and b. 2
(b)  Solve the equation f(f(a:)) = 0. 1

The following are sourced from [Swale et al| (2019, Ex 3.2), modified to suit NSW syllabuses.

16.

17.

18.

19.

20.

21.

If f(x) = (z —1)(x +3) and g(x) = 2?, investigate whether the composition function
f <g(m)> and g< f (x)) exist. If they do, form the rule for the composite function and
state the domain.

1
If f(x) = 2z — 1 and g(z) = o investigate whether the composition function

f <g(m)> and g< f (x)) exist. If they do, form the rule for the composite function and
state the domain.

1
For the functions f(z) = 2? + 1, g(z) = y/x and h(z) = e determine whether the

following composite functions are defined or undefined. If the composite function exists,
identify its domain.

(a) fog(x) ®) g(f@) @ A(e@) @ hof@)

1
For the functions f(x) = z?, g(z) = /x and h(z) = — determine whether the

following composite functions are defined or undefined. If the composite function
exists, identify its domain.

(a) fog(x) b) ¢(f@) @ hof@) (@ g(h)

The functions f and g are defined by:
f@)=2>+1 g(z)=+Vr+2

Show that f(g(x)) exists and find the rule for f

VRS

g(x)), stating its domain and range.

Given the following information:

fw) = Dy=(0,%)

1
— — D.=R
g9(z) - g f
(a) Prove that g(f(x)) exists.
(b) Find g< f (m)) and state its domain and range.

(¢c)  Sketch the graph of y = g(f(m))

FuNcTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — FUNCTION NOTATION

19

22. For the functions f(zx) = vz + 3 and
g(x) =2x -5,
(a)  State why f (g(x)) is not defined.
(b)  Restrict the domain of g to form
a new function, h(z), such that
f(h(:v)) is defined.
(¢) Find f(h(x))
23. For the functions f(z) = 22 and
1
g(x) = T4
(a) State why g (f(:c)) is not defined.
(b)  Restrict the domain of f to form
a new function, h(x), such that
g(h(x)) is defined.
(¢c) Find g(h(a:))
1
(a) Prove that f(g(:r)) is not
defined.
(b)  Restrict the domain of g to form
a new function, ¢;(z), such that
f(gl(a:)) exists.
25. For the equations f(x) = & —4 and

g(ﬂ?) = ZL’Q - 27
Prove that g(f(x)) is defined.

Find the rule for g( f(x)) and
state the domain.

Sketch the graph of y = g(f(x))

Prove that f(g(x)) is  not
defined.

i= Further exercises

ImFYAF

Restrict the domain of g to
obtain a function ¢;(x) such that

f(gl(x)> exists.
Find f(gl(x))
26.

fx)=—=Vz+k Dj=][1,00)
g(z) =2*+k D, = (—00,2]

where k& € RT, find the value(s) of k
such that both f(g(x)) and g(f(a:))

are defined.

Answers

1. (a) =1 (b) 17 (c) 7 (d) —46 (e) 2a% — 1 (f) 222 + 4z + 1
2. (a)i. 0. =21 (b) z =1 3. (a) 10 (b) —1 (c) 42% — 12z + 10
(d) 222 ~14. (a) 2 (b) 4 (c) 18 (d) 6 (e) 3 (f) 7 5. (a) z = 2
(b) z = 7(c)x<16(a)x:Q,fl(b)x:fQ,
37.0 =12, 38 z=-29.20+h+110.2 =0
11.a=2b=—-412.(a) 1 (b) 1 (c) 7 (d) 9 13. (a) 22 — 3
(b) (x —3)2 (¢c) 2 14. x = 2 15. (a) a = —2, b = 3
(b) z = % 16. f(g(x)) =(@-D@+1)(2?+3), D =R

9(f@) = @-12@+3)% D =R 17. f(9(2)) = %5 ~ 1,
D =R\{2}; g(f(r)) does not exist. 18. (a) fog(z) =z +1,
D = [0,00) (b) g(f(2)) = VaZ+1, D =R (c) h(g()) not
defined (d) ho f(z) = 2Jr17D*]ng (a) fog(x) = =,

= [0,00) (b) g(f(:c)) |z|, D = R (¢) ho f(z) not defined
(d) g(f(a;)) not defined 20. f(g(z)) —z+43,D=]-
R = [0,00) 21. (a) [0,00) € R\{0} (b) g(f(2)) = a2,

= (0,00), R = (0,00) 22. (a) Range of g is not a subset, or
equal set to the domain of f: R Z [-3,00) (b) h(z) = 2z — 5,
€ [1,00) (c) f(h(:c)) = V22 =2, x € [1,00) 23. (a) Range
of f is not a subset, or equal set to the domain of g: [0,00) £
R\{4} (b) h(z) = o2, @ € R\{-2,2} (c) 9(h(@)) = 2,
z € R\{—2,2} 24. (a) Range of g is not a subset, or equal set
to the domain of f: (—2,00) Z [0,00) (b) g(z) = ﬁ -2,
€ (o0~ +3] U [ +3,%) () g(h@) = =,
z € R\{—2,2} 25. (a) [0,00) C R. Hence, g(f(z)) is defined.
() 9(f(2)) = 2~ 6, @ € [4,00). (c) Sketch (d) [-2,00) £
[4,00) (e) g1(z) = a2 — 2, = € (foo,f 6] u [\/6,00)
(£) £ (91(2) = VaZ =6, v € (—o00,—V/6| U [VB,00). 26. k €
1,3

27 w)?

N RM%U?%T:[[_KI% HIGH SCHOOL

(x1)  Ex 4E
<
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............... 2 TUNCTIONS BASIC FUNCTIONS/RELATIONS AND THEIR NATURAL DOVAIN/RANGE
......... 14 44444 BaS|C functlonS/relatlons a“d thelr natural domaln/range'""""'“‘; ......... ......... ......... ..........
' ' & Definition 7 ' ' ' ' ' ' ' : ' : '
e Domain The set of elements that a relation maps  from
~ The i natural domain of a function is the
""""""""" maximum set of values for which the function is defined

o Imbortaht note

What is the difference between the domain and natural domain?

S SR 0 Important note.w.z.........g ......... L S S SR R S SR L . S

5 The following curves must be known. Sketch the following graphs in their most

basic form, and state their natural domain & range using interval notation:




RELATIONS AND: THEIR: NATURAL DOMAIN/RANGE







FuNCTIONS — BAsIC FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 23
Exercises
1.  State the values of = which are ezcluded from the domain of the following:
(a) yzl (b) y=+vz () y=+v9—a?
x
2. State the exclusions from the domain shown by the following graphs.
) Y
| |
\ \
! \ 3 !
! \
‘ \
a | c \ |
DN T (©) .
i :2
|
|
Y
| |
| |
| |
| |
(b) | |
| |
2 |
| |
| |
| | T
-3 '3
3.  State the natural domain of each of the following:
(a) y=vz—6 () y=vi—a? () y=—2
. ) ) V16 — 22
(b) y= ) y= + - _ 5“
() y=V3z+1 () y=vVe—06+vVr+3 k) y=va2_9
2 3 3
(d) y=—5— (h) 'y N O v=—"m=

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE

4.  For the following functions and relations:

1.

ii.

a)
b)
c)
d)

e

(

(

(

(
(e)
(f)
(g)
(h)
(
(
(
(
(
(

1

J
k)
)

m)

~— ~—

n)

Draw neat sketches of the following functions and relations, showing all important

features of the graphs

State the natural domain and range using interval notation.

r=3
y=2z—4

3r+4y—12=0
2

Y=
y=2x%+1
y=(z—-2)
y=(r—2)(z—4)
y=1>—2-6

y =8+ 2z — z?
y=(z+3)°+1

y=4—(z—5)>
y=—a’

y =3+ 223
y=a’

y=—a°

2 +y* =16

a2+ (y—3)* =4
(z—-12+Ww+2?%=1
2?24y +8r—6y—11=0
2+’ —20=0

9224+ 9> + 92 +6y+1=0

y=3"
y=-47"
y=1-27"
3
Yy=—-
X
Ty =8

5. A standard hyperbola has the z and y axes as its asymptotes, and passes through the

point (3, —2). Find the equation.

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 25

6. Find the equation of this circle in general form. The numbers on the axes are the
extremities of the circle, not the intercepts with the axes.
Y

TN
\

= Further exercises

(A) Ex 3B (x) Ex 3B
@.Egzﬁé g, 6, 8, 14 OB G
. Q6-9 @ Ex 3D
(A) Ex 3E ° Q9
. Q5 @ Ex 3E
(A) Ex 3F o
Q6 @ Ex 3F
[ ]
e Q3

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE

Answers

(a) z=0 3 (a) D={z:xz€[6,00)}
(b) =<0 (b) D={z:zeR\{-2}}
(¢c) z<—-3orz>3 (c) D:{x:xe[f%,oo)}
(a) z=2 (d) D={z:zeR\{-2,2}}
(b) ===£3 () D={z:zel-22]}
() >3 (fy) D={z:zeR\{-2,3}}
(a) z=3 d) y=-=x?
D={z:z€eR}
D= tose =5} R={y:y € (~o0,0}
R={y:y€eR}
Yy
v | |
A . )
=3
-2 4
3 —4 -+
4

b) y=2zx-4

D={z:z€R}
R={y:y R}

_4/
(¢) 3z+4y—12=0

D={z:z€eR}
R={y:y€eR}

A

() y=222+1

D={z:z R}
R={y:ye[l,o0)}

D={z:xz€R}
R={y:y€[0,00)}

Y

D={z:x€R}
R={y:y€[-1,00)}

(i)

@

D={x:2€[6,00)}
D={z:2¢€(4,00)}
D={z:z€(-4,4)}
DZ{I:IER\{fﬁ),%}}
D={x:2€]-33[}
D={z:z€)—-1,1(}

Y

A
o
2 4 6

y=22—-2—6

D={z:z R}

o frve[ £}

Y

L
o\

y =8+ 2z — 22

D={z:2z€R}
R={y:y e (—o0,9}
Y

~—(1,9)
8/

i P>z
fQ 2 4\ 6

y=(z+3)2+1

D={z:xz€eR}
R={y:ye[l,00)}

Y

3, 1) /
10

FuNcTIONS & GRAPHS
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FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 27

k) y=4-(z-5)?

D={z:zeR}
R={y:ye (-o0,4}

Yy
sy
A ) 7
—21z (5,4)

D={z:z€eR}
R={y:y eR}

(m) y=3+223

D={z:z€R}
R={y:y eR}

D={z:z€R}
R={y:ye[0,00)}

oles

D={z:x2 R}
R={y:yeR}

\

Y

(p) 2?+y*=16

D={z:2¢€[-4,4]}

R={y:ye[-44]}

(@) 2®+(y—3)°=4

D={z:xz€[-22]}
R={y:y€[L,5]}

Y

T T
-2

[\

) @-1)?+@+2?=1

D={z:z€]0,2]}
R={y:ye[-3-1]}

-1 +

-3 +

(s) x2+y?+8—6y—11=0

D ={z:z€[-10,2]}
R={y:ye[-3,9]}

<

(t) 22+y2-22=0

D={z:z€]0,2]}
R={y:ye[-11]}

Y

4%
\_/

(u) 922+ 9y°+9zx+6y+1=0

D={z:z€[-1,0]}
R={y:ye[-3.5]}

T

\
\
\
\
1
-1 1

NORMANHURST BOYS’ HIGH SCHOOL
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28
_;C 3
(w) y=-4 () y=-- 5. zy=-6
D={z:z R} D={z:2#0} 6. z+y*—dx+2y—11=0
R={y:y € (00,0} R={y:y+#0}
Yy Yy
/x
[~ 13
‘ 1
1 1 x
-3 4 -
(x) y=1-27° (z) zy=38
R={y:y€ (-o0,1)} R={y:y#0}
Y Y
Y
1] 81 -
2 I -1 I
1 ' x 1 1 z
-1 1 ! 1
\ -8
-

FuNcTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



................................................................................................................................................................................................. 29
......... .......... .......... 15Curvetl’ansf0rmati0ns ........ ......... .......... .................................................................................
1 T= Leaming Goal(s) 0 00 O OO SO0 O O OO O OO OO OO
iZ= Knowledge £ Skills @ Understanding
How curves are transformed Relating the algebra of curve The differences in algebra when
"""""""""""""""""""""" transformation to the graphical transforming vertically versus 7T
representation horizontally
SN S coios | By the end of this section am T abile Boz i bbb
: : : .| 2.8 Given the graph of y = f(z) , sketch y = —f(z) and y = f(—x) and y = —(f(—=x)) using reflections
................................ in the z and y axes.
2.9  Define odd and even functions algebraically and recognise their geometric properties.
| : : : ' # Theorem 1 :
If a >0,
Translations
o f(x — a) shifts  right by a o f(x)+ ashifts up by a units.
................................ St
A o f(z) —ashifts  down = bya
......... .......... .......... . . f(x + a) Shifts : ‘]:e.f‘t‘ y by a units. units' ..................
.................................. Refloctions
o —flx): ... reflection o fl=2): ... reflection
......... , ......... ~ along the ‘(.r‘ aXiS. along the ‘y‘ a,XiS. ...................
......... .......... .......... ‘1 Dilations (stretches) ..................
o flaz): .. horizontal e af(z): vertical
dllatlon dllatlon ....................
“s Example :11
------------------------- | Find the centre and radius of 22 + y? — 62 — 4y +4 = 0, and then sketch it
‘{SExampleIZ .........................................................................................................................................
............................. ‘ From the graph of y = \/z, deduce the graph of y = —/—=x.




............... 0 Fuxcrioxs CURETRANSTORMATIONS

........ .......... . Q"efin'itiO‘ﬁ‘G ..... b VRN SO I S e, PO OO SUUE SRS SUOUE SOUOE SO OO EARU N USSR SOUU UOUE SUOE ST U SO R

| Dilate tostretchout and make larger
e Vertical dilation factor of 2: (z,y) — (x,2y)

................ s Sintiiee ol @ e o v L gtreteh e

......................... vertically
e Vertical dilation factor of 3: (z,y) — (z, 3y)

Description: hold il axis constant, them compress
......................... VeI‘th&Hy
.................. e Horizontal dilation factor of 2: (z,y) — (27,¥)

Description: hold v axis constant, them stretch
..................... horizontally
.................. ® HOrlZOnta,], dllatlon faCtOI‘ Of % (‘T,y) — (%x7(y)
................. Description: hold 9 axis constant, then _compress GG i

......... horizontally
444444444 ..... 151 ..... Horlzontal dl].atlons (StretCheS frOmanlS) .....................

. StEps

(horizontal dilation), replace x with g.

dilation), replace y with

, i.e. new function rule is

, i.e. new function rule is

To stretch a graph in the horizontal direction by a factor of a from the y axis

To stretch a graph in the vertical direction by a factor of a from the x axis (vertical




...  Fuxcrions —CURVE TRANSFORMATIONS = SRRV NN NN ST VOO RO UL N I 3L

O Bl 13

[2022 CSSA Adv Trial Q26] (3 marks) Let f(x) = z? — 2z.

__________________________________ Sketch the graph of y = 2f(1 — x) — 6, showing the location of the vertex.
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FuNcTIONS — CURVE TRANSFORMATIONS

Exercises

Acknowledgement Portions taken from [Evans et all (2007, Ex 21C)

1.

Let f(x) = 2x + 3. Sketch the graphs of:
(@) y=f(z) (c) y=—f(z)
(b) y=f(z)+4 (d) y=—fla)+2
Let f(xz) = 3x. Sketch the graphs of:
(@) y=f(z) (c) y=—f(z)
(b) y=/flz)+4 (d) y=—f(-=)
Use transformations to sketch the graphs of each of the following functions and write
down its maximal domain and range:
(a) fla)=a®+5 @) fla)=a*—3 (&) fla)=5 -4
(b)  f(z)=(z—5) (e) flx)=37" (h)  f(z) =2+logzx
(c) fla)=(z+4)? (f)  flx)=5"+1 (i) flz) = logs(x —4)
Sketch the graph of each function and write down its maximal domain and range:
(a) fla)=2>+2 () flz)=vz (e) flz)=—vz-2
(b) flx)=22—6z+13 (d) f(z)=+2z+2 () fla)=2—Vz+2
Let f(x) = v/25 — x2. On one set of axes, sketch the graphs of
(a) y=f(x) (b) y=f(z)+2 (c) y=—f(z)
Let f(z) = 2® — 32% + 2z. On one set of axes, sketch the graphs of
(@) y=f(z) (b) y=—f(z) (€) y=-2f(x)
Let f(z) = é On one set of axes, sketch the graphs of
(a) y=f(z) (b) y=2f(x) © y=—fx) (A y=-2f(z)
= Further exercises

(A) Ex 4A (x) Ex 4A

@o Q3-6, 8, 9, 11, 16, 17 Q3. 5, 6, 11-14
Ex 4B ® R 9,0, L
.05 (x) Ex 4B

e Q5,13

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL
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Answers
1 (a) f(z)=2x+3
(b) flz)+4=22+7

2. (a) y=f(z)=3z (c) —f(x)=-3z
(b) fl@)+4=3z+4 (d) —f(-=z)=3z
fl)+4
/ (@) & —f(~2)
4
1, |
_4 / |
5 / } .
AN
3+ -\ f(x)
_9 1
2

3. No sketch provided here.
magnitude of shifting is shown with domain/range.

Instead, the direction &

4. No sketch provided here.

Orig. fn | Shift | Amt D = R=
(a) z? T 5 zeR | y=>5
(b) x2 — 5 z€R | y>0
(c) z2 «— 4 z€eR y>0
(d) x? { 3 zeR | y>-3
(e) 3% “ zeR | y>0
(f) 5 * 1 |zeR | y>1
(2) 5% 1 4 zeR | y>—4
(h) logs + 2 x>0 yeR
(1) logs — 4 x >4 yeR

Instead, the direction &

magnitude of shifting + stretching is shown with
domain/range.
Orig. | Horiz | Vert Reflect D = R =
‘ fn ‘ shift ‘ shift ‘ /stretch ‘ ‘
(a) x2 none T2 none R y>2
(b) x2 —3 T4 none R y >4
(c) VT none none none z>0 | y>0
(d) N3 none T2 12 x>0 y > 2
(e) VT — 2 none T axis z>2 | y<0
(f) VT — 2 12 T axis z>-2 | y<2

y = x% — 322 + 2z. Factorising,

y=z(z—2)(x—1)

s
A
\:
: S ) f(@)
: So=3
} % 7 N .
I )

NORMANHURST BOYS’ HIGH SCHOOL
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FUNCTIONS — ODD AND EVEN FUNCTIONS

1.6 Odd and even functions

&) Definition 9
e Anodd function has  point symmetry about the origin.
Algebraically,
fl=2)= @)
e An even function has symmetry about the y axis. Algebraically,
fl@)= [f(-=)

o Important note

Observation:
e Odd polynomials only contain odd  powers of .

e Even polynomials only contain even powers of x.

}s Example 14

Test these functions to see whether they are odd, even or neither.

(a) flz)=2a"-3. (b)  flz) =2 (€ fla)=2"-2z.

‘fs Example 15

[2023 Adv HSC Q9] Let f(z) be any function with domain all real numbers.

Which of the following is an even function, regardless of the choice of f(x)?

(A) 2/ ® (@)  © (fc=) © f@i-

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — ODD AND EVEN FUNCTIONS 35

Exercises

1.

State whether the following functions are even, odd or neither:

(a)
(b)
(c)
(d)
(e)

y = 222 ) y=(r+1)?
y =2z° (g) y=2°
y=axt—2>+1 (h) y=2°
y=zr—2°+1 (i) y=2"42°
y=—— G) y—2-27

Sketch the graph of y = 23, 0 < 2 < 2. Show the coordinates of the end points.

The above function is part of an even function f(z), defined in the domain
—2 < x < 2. Sketch y = f(x).

Write a piecewise description of the function f(z).

Sketch the graphs of y = sinz and y = cos x on separate number planes, each in
the domain —180° < z < 180°.

Hence decide if the sine and cosine functions are odd, even or neither.

1
Remembering that sin45° = cos45° = —, write down the values of sin(—45°)

\/57
and cos(—45°).

Show that if an odd function is defined for x = 0, then its graph must pass through
the origin.

= Further exercises

(A) Ex 4C (x1) Ex 4C

e Q1-7,9-10, 12-13

e Q1-7, 9-10, 12(a), 13-15

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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Answers
1. (a) even (b) odd (c) even (d) neither (e) odd (f) neither (g) neither (h) neither (i) even (j) odd

2. (a) y=23,0<2<2 (b) Reflect y = x3, 0 < 2 < 2 about
the y axis:

3. (a) y=sinz, y=-cosz, —180° < z < 180°

Y Y
y =sinz Yy =cosx
1 -4
< —N | -
—18 —90° 90° 180° —180° 90° 90° 180°
—1 4 -1 4
(b) y=sina: odd. y = cosz: even (c) sin(—45°) = —sin45° = f%.

_AEOY o_ 1
cos(—45°) = cos45° = 73

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



Section 2

Various families of functions

‘{s Learning Goal(s)

= Knowledge L Skills @ Understanding

All basic curves Sketching these basic curves Basic applications of these

with transformations curves

& By the end of this section am | able to:

2.14 Model, analyse and solve problems involving linear functions.

2.15 Recognise linear functions

2.16 Sketch linear functions

2.17 Model, analyse and solve problems involving quadratic functions.

2.18 Solve practical problems involving a pair of simultaneous linear and/or quadratic functions
algebraically and graphically, with or without the aid of technology; including determining and
interpreting the break-even point of a simple business problem

2.19 Recognise cubic functions of the form: f(z) = kx® | f(x) = k(x — b)®> + ¢, and f(z) = k(z — a)(z —
b)(z — ¢) where a,b, c and k are constants, from their equation and/or graph and identify important
features of the graph.

2.20 Define a real polynomial P(z) as the expression ap + a1z + a2z + -+ An_12” ' + an,z™ where
n=0,1,2,--- and ag, a1, - ,a, are real numbers.

2.21 Identify the coefficients and the degree of a polynomial.

2.22 Identify the shape and features of graphs of polynomial functions of any degree in factored form and
sketch their graphs.

5 : 2 2 2 2 2 2B g ]

2.23 Recognise features of the graphs of z° + y* = r* and (z — a)® + (y — b)° = r* , including their
circular shapes, their centres and their radii.

2.24 Recognise that functions of the form f(z) = f represent inverse variation, identify the hyperbolic
shape of their graphs and identify their asymptotes.

2.25 Exponential functions and asymptotes of the exponential function.

2.26 Rectangular hyperbolas and asymptotes of the hyperbola.

2.27 Early introduction to limit expressions involving lin}) f(z), lim f(z), as well as continuity.

xTr—r Tr—r0o0

o Important note

Most of these families of curves have already been covered in the previous sections.
Refer to previous textbook exercises for further practice.

37



........ ..... 21 44444 Linearfunctions ....... ......... ......... ......... ......... ......... ......... .......... ......... ......... ......... ..........

& The gradient-intercept form of the equation of a line:

where

o m - ..., gradient b -y . intercept

&s Laws/Results :

%~ The general form of the equation of a line:

ar+by+c=0

--------- ~~~~~~~ = i) The point-gradient formula to find the equation of a straight line through --------- --------- ~~~~~~~~~~
: : (x1,y1) with a given gradient m: : : :
Yy—yi
=m
................. r — I

o S




. VARIOUS FAMILIES OF FUNCTIONS - LINEAR FUNCTIONS. = = S R R 39
.,...........:.Glm.portant..'note: .................................................................................................................................

No new theory is in this section. However, expect slightly more difficult problems

within textbook exercises.

“s Exai‘nple 516
[Ex 5D Q6] Given the points A(1,—2) and B(—3,4), find in general form the
equation of:

| (a)  the line AB, '
' ......... ' .......... ' .......... ' - (b) the line through A perpendicular to AB- ........ ' ..........

o S




[Ex 5D Q12]
| : (a)  On a number plane, plot the points A(4,3), B(0,—3) and C(4,0). . . .
......... ....... (b) Flnd the equation Of BC ......... ......... ..........

| © Explain why OABC is a parallclogram. B0
| ' (d)  Find the area of OABC and the length of the diagonal AB. : : :

.l ®Exs3cC () Ex 1F e
: : e All questions L :




VARIOUS FAMILIES OF FUNCTIONS = PIECEWISE DEFINED FUNCTIONS ABSOLUTE VALUE

e 2

29 PIECEWISe deflned functlons absolute value‘“””“ ........................................
“‘ Learning ‘Goal(s) :
iZ= Knowledge £ Skills @ Understanding
What absolute value functions Transforming between algebraic Absolute value functions are the
are and graphical representations, reflection of the original graph
solve absolute value equations along the horizontal axis.

@ By the end of this section am | able to:
2.10 Define the absolute value |z| of a real number z as the distance of the number from the origin on a

number line without regard to its sign.

2.11 Use and apply the notation |z| for the absolute value of the real number z and the graph of y = |z|

2.12  Solve simple absolute value equations of the form |ax + b| = k both algebraically and graphically.

g Defmltlon 10

A piecewise defined function is one that has multiple definitions depending on the
input values.

2 <0
Sketch f(x) 3z 0<z<4
12 =>4

o S




......... .......... L ’Is"Efxamp:le“l'gi .......... R SR S i e, e, S s ......... ......... ..........
| : [2023 Independent Adv Trial Q3] A function f is given by the rule : : :

f@-22+1 z<2
o flz) = {4:1: i L ERE

e fo(o))? __________________________________
@ s B) <7

o S




""""" """"" """"" 2 2‘1 """ The absolute value functlon

Q Definition 11

The absolute value function

T axis.

e Also be ready to see the graph as a transformation.

‘ls‘ Example 20

o S




e #__ngamﬁ,e.ﬁ; __________ S O O O S SN SO SO SO OO SO _________ s

Sketch y = |2z — 1.

......... ......... ...... ‘IsExample22 .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

................. Sketch y = |z* — 2z — 8.

[2021 Independent Adv Trial Q2] What is the number of distinct solutions of the

equation |72 — 1| = 1?

(A) 1 (B) 2 (€ 3 (D) 4

o S
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Exercises

1.

Sketch each function over the stated domain. State also the range of the function over
the specified domain:

(a) y=3-2z,2>1 (c)
b) y=22,0<x<2 (d)

xy=06—2<x <3 x#0.
y=(r+2?-1,-3<z<0.
Sketch each of the following piecewise defined functions, showing the coordinates of

the endpoints of each interval. State also the range of the function over the specified
domain.

r+1 ifx <0 22+1 ifz<0
pu— d pu—
() f(@) {—x+1 if >0 @ f@) {1_:,; it >0
© ) —2? ife<l1
. r) —
b flz) = 20+ 1 ?f$<1 o Frs ]
3 ifz>1
—2x—3 forx< -1
© pa {2 ies? ()  fla)=171 LS
€Tr) =
20 —3 ifx>2 - forz >1
l—z ifzx<3
3. If f(x) = {x2 Lo ife>3 evaluate (a) f(—5) (b) f(3) (c) f(5)
vl s @ F(-6 © -0+
4. Iff(z)=<(6 if —4 <2 <0,evaluate
5v ifz>0 (b)  f(=2) () f(a?)
5.  Write down the piecewise descriptions for the following functions:

(a) (b)  Both curved sections are hyperbolae
whose asymptotes are the z and y
axes

Yy Yy
1
AN /f 3 2
x | . x
N 4 I
-9 | —/
| |
| |
(27 _4) (_%7 _4) (27 _4)
6.  Sketch the following functions, stating the domain and range in each case:

(a) y=|zv—4 (d)  y=[22-3] (g) y=4-34—
(b) y=—lzr+3| () y=2[r[-3
(c) y=lz|+3 ) y=1[3x+7-2

NORMANHURST BOYS’ HIGH SCHOOL
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46
Answers
1. (a) R={y:y<1}. N
Yy
1 + (372)
x N (—2,=3) *
1
-1 4
72 4
(b)) R={y:0<y<4} (d) R={y:-1<y<3}
Y
Yy
47,
3 -
27T -3
‘ T
N/
) (—2,-1)
() R={y:y<-3,y>2}
2. (&) R={y:y<1} () R={y:y>-4} () R={y:y<0}
U{y:y>2}
Yy Yy
(2,-1) "
1
1+ 2T
\ : T 1
—R 2 TN v
—1
/1 l\( \(2,—4)
(b) R={y:y<3} (d R={y:yeR}
Y
3/—>
A N \_1 .
1 9 . 3N\ 1 T
/ N 2\—5
3. (a) 6 (b) 11 27 (a) 35 (b) 6 (c) 25 (d) 5a?
—x—2 ifx<?2 % ifr<—1
5 (@ f(x)_{2x—8 if o> 2 ) fl@e)={ -4 iff%§21<2
-8 jfz>2

FuNcTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



VARIOUS FAMILIES OF FUNCTIONS — PIECEWISE DEFINED FUNCTIONS, ABSOLUTE VALUE 47

6. (a) R={y:y2>0} (d R={y:y<0}

T (_%’_2)

:= Further exercises

() Ex 3B (x1) Ex 3A

e Q15
@ Ex 4D e Q7 (piecewise defined functions)
e Q1,4 911, 14, 15 (g 1z 410

e Ql, 4,7, 14, 15, 16, 17, 19

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



. 222 Solvmgabsolutevalueequatlonsmi' _________ .......... _________ ......... __________ ......... _________ ——

0 Important note
A Draw picture!

A When using purely algebraic methods, test values on equations with absolute
value on one side and the other side with algebraic terms without absolute value.

......... , ......... ........ ~'Examl:)_|e24 .......... . ......... ......... _ ......... .......... . ......... ......... .......... . ......... ......... . ......... ..........

......... ....... SOIVG |2x — 1| = 3 Answer: x = —1,2 ......... ......... ..........

o S




... VARIOUS FAMILIES OF FUNCTIONS = PIECEWISE DEFINED FUNCTIONS, ABSOLUTE VALUE = = = = 49

O Bl B

............................... 2023 Adv HSC Q27] The graph of y = f(z), where f(2) = a|z —b| +¢, passes
through the points (3, —5), (6,7) and (9, —5) as shown in the diagram.
YA

................................ (6, 7)

— oy P -

(a)  Find the values of a, b and c. 3

(b)  The line y = ma cuts the graph of y = f(z) in two distinct places. 2

Find all possible values of m.

o S




50 VARIOUS FAMILIES OF FUNCTIONS — PIECEWISE DEFINED FUNCTIONS, ABSOLUTE VALUE

Exercises

Solve for real values of z:

1. Jz| =4 4.
2. |6x| =18 5.
3. %SL’ =38 6.
Answers

|z +2| =12 |z — 5| =2

x— 6| =7 20 — 7| = 3

10. |3z + 4| = 10
11, |1—2z]=5

12. |7—3z|=1

1.a:::I:42.x::I:33.z::|:164.x:35.le(),—146.a::13,—17.x:—3,—118.:0:3,79.96:2,510.:(::2,—1—34

11.7=3-212.=2,%

FuncTIONS & GRAPHS
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2.3 Quadratic functions

2.3.1 Geometry of a parabola
& Definition 12

A parabola is the geometric representation (graph) of the quadratic polynomial.

Basic parabola

Q Definition 13

The basic parabola has equation  y = 1:2 .
9
8
i
6
5
4
3
2
1
x
=32 1 2
o The vertex ( minimum - value) is at  (0,0)
e The axis of symmetry isat =0
O GeoGebra
L] quadratic.ggb
0O (£ www. desmos . com

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS


www.desmos.com

......... ..... G‘éneral&paraﬁb’olasﬁ ......... .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

......... .......... 444444444 xlntercept ........ yi‘i‘ntefrcepti .......... mmimumvalue(y) .......... ........ ......... ......... ......... ..........
' : : | maximum value (y) = turning point - vertex axis : : : :

Concav1ty:

Q Deflmtuon 14

The general form of a quadratic polynomial:

where c is the intercept of the parabola.

& Definition 15

The roots or zeros of the quadratic polynomial are the = intercepts, if any.

......... ;....Graph representatlve of the. general form ...... ......... .......... ......... ........ .......... ........ ......... ......... ..........




Q Deflmtnon 16

The factored form of quadratic polynomial:

: -| where
e o and [ are the roots of the quadratic polynomial
o] eaisthe | vertial stretch factor

Graph rebreseﬁtativé of the fac:toredéform‘§

o Important note

EEE | Factorisation techniques from Stage 4-5 (Years 8-10) are required!

o S
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L @ Eample2r
| Sketch the following graphs: : : :

gy EEampe2s
|Solvex2—6x+520.

5 o Imbortaht note
A Draw picture!

o S
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[Ex 8A Q7] Write down the general form of a monic quadratic for which one of the
zeroes of x = 1. Then find the equation of such a quadratic in which
(a)  the curve passes through the origin, (c¢)  the axis of symmetry is x = —7,

(b)  there are no other zeroes, (d)  the curve passes through (3,9).

a Laws / Results

The vertical stretch factor needs to be considered

“s Example 30

Write down the equation of a parabola with zeroes —2 and 4, as well as

......... .......... .......... - (a) y intercept Of 6 (b) VerteX at (1’ 21)

Answer: (a) a= _% (b) a = _%

o S




o T Bl BT _________ s

[Ex 8A Q12] Find the equation of t:;yhe following quadratic:

o \ e e

......... ...... -9 f SH T S ..........

S - = Further exercises...... . o o Lol S R o L . R S S -

| ®Ex3D () Ex 3D e
R x3D I
o questions . Q5.16




Q Deflmtlon 17

The vertex form of quadratic polynomial:

where

e (h,k) is the vertex of the parabola

--------- : e a is the vertical stretch

factor

‘Is Exai'nple 32

(a) y=$2+$+1 (b) Y=

o S




......... .......... L ’ls“Eg)'(amﬁle'SS? .......... TR e e, ST e S i, Db, ......... ......... ..........
: : Find tPDa equation of the quadratic function: : 1 :

2 ==\

o @Ex3E () Ex 3E e
| : e All questions : : :




......... .......... ........... 2..34 ......... The quadratm formula and the graph .......... ........ ......... ........ ......... ......... ..........
| : : . *‘ Laws/Resu[ts . : : : : . : : :
)] The quadratic formula:

results in the roots of the equation ax? + bz + ¢ = 0 being found.

B ..Stepsgi????55555?? ________ .
| 5 5 | Derivation of the quadratic formula to solve az? + bz + ¢ = 0 E

......... .......... .......... . 1. Rewrite as mOIliC quadratic:

2.  Complete the square on x:

b (BYP (Y
S e - 3 S SN N ST g | 9w )\ T O T S s S N S ________

........ .......... ........ 1 3. Simplify and rewrite with x as subject: .........

B . S SR = Further exercises.... ... o o Lol S R o L . R o o -

- |ese @ -
: : : : e Q1-5, 9-10 Q6-13 :
o




o 2.3.5 - The-discriminant e ......... .......... ......... ......... .......... ......... ......... A
&) Definition 18 :

The discriminant (A) of a quadratic equation:

......... ....... , . . —bi\/_ ......... ......... ..........

Given the roots of a quadratic equation are located at: = = —g
a

......... ....... ° A — 0- one dlstlnct (unlque)’ real root (Double root) ......... ......... ..........

""""" """" e A>0: two  distinct (unique), real  roots.

— Rational roots when /A is rational, i.e. A is a perfect """"" """"" """""

square

........................................................................................................................................................................................................................
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O Bl 34

Use the discriminant to determine the type of roots of the quadratic equation

(a) y=4z*—4z+1. (b) y=322-5x+5

......... ~Example35 ......... e e R I e e i e e ..........

et eeteae ~.-} For what values of A does 2> — (A +5)x +9 = 0 have: Answer: (a) 1, =11 (b) A€ (=11,1) e

......... .......... .......... 1 (a)  equal roots (b) norealroots? ..........

“3‘ Exaé’nple 36

Find the values of k for which y = 2? + (k — 1)z — (2k + 1) has unreal roots.

o S
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......... .......... L ’ls“Eg)'(amp;Ie'S'T; ......... b S s i R S SN i ......... ......... ..........
: : Show that the roots of the equation : : :

dm+ D)2 —4(m—-1)z—-3=0 (m#-1)

are real, for all m € R.

--------- ...... [Ex 8F Q22/1988 HSC] find, as a relation between k, ¢ and m, the condition for ......... ......... __________
: 1 the quadratic equation in x : : :

.................. (8 4 2) 22 4 200k m)a + (@ +m?) =0

to have real roots. Simplify your answer as far as possible.

o S
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[2006 St George Girls’ 2U]

(i)  State the condition necessary for a quadratic equation to have rational 1
................................. roots.
| : : -} (ii) Prove that the equation 3pz? = 2px + 3qz — 2q, where p and ¢ are 4
......... M ......... rationaL has rational roots for all values Ofp and R T E TS P TS PPN ..........

f : : : 3 :
e SR ~....) (iii) What can be concluded about the number of roots if p = 761? 1L - SR

..................................

éE Further exercises (Legacy Textbboks) o ,,,,,,,,,,

| : : : Ex 10F @ Ex 8F
S S 1.8 11. 13-15
| : : : * QL8 11, e 32-5 LC

o (O8-11, 21-22
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E Definition 19 :

The basic cubic has equation

Generalised equation:

vertical
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“s Example ‘41
Sketch y = (z — 2)? + 3, showing all important features.

o S
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......... ..... 25 44444 Pblynémi‘ais ....... .......... 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

e L DOBIHOM e
I b . a Definition 20 . : : : . : : : B . : : : -

PR A polynomial function is a function with positive integer (or zero) powers of .

P(2) = anz" + an 12" 4 an 92" + -+ 028 + a1z + ag

| : where a; € R are the coefficients of the corresponding power of x, and n € N. : ; :
JRR . e Domain: D ={z:z R} e S S

......... ....... e Range: check graph! ......... ......... ..........

....... ......... o g”D‘éfihi't’ib'ﬁ‘ZI”; ........ S L SR ST R S T SR ....... ........ .........
....... ....... @ The leading term is <<<<<<<< ------- """""

RN Definition 22 .
......... ....... ‘ @ A polynomial P(.’IZ’) iS momc lf a, = 1 444444444 ......... ..........

Definition 23 :

....... ....... ‘ 5 The ‘onstant torim 151, i t: coctficient of &0, ....... ........ .........




N ©........ VARIOUS FAMILIES OF FUNCTIONS = POLYNOMIALS L NN o e NN R L S

Q M Two polynomials P(z) and Q(z) are identical iff all their corresponding _______
coefficients are equal, i.e. §

......... .......... .......... . Given P(x) —aa" an_lx"_l Ly a2x2 b

Q(gj) =b,z" + bn_lx"_l + -4 b2$2 +bx+bg ..........

then P(z) = Q)i ..........

an:bn ........ ..........

Qp—1 = bn—l

an=ln . L

aOIbO

@ important note’ - G

A Proficiency with various factorisation methods required

e T Exampled2

Given P(z) = 2 —2?+x—1, Q(x) = 323 — 222 and R(z) = —z* + 223 — 322, evaluate

(a)  P(x)Q(z) (b)  Q(z)R(x)

Answer: (a) 320 — 525 4 52* — 523 4 222 (b) —327 + 825 — 1325 4 62*

o S




‘FUNCTIONS — POLYNOMIALS.

......... u ......... ...... §=_Furtherexercises ......... ......... . ......... .......... ......... ......... .......... _ ......... ......... ......... ..........

Ex 10A

e Q1-3 last column




.......M...........""....YﬁRIQU.S..FAMIHES..O.F.FUNQTIQN?.TPQLY.NQWAES ......................................................................................... 69 o
. ......... .......... ........... 252 ..... SketChlng Slmp].e polynoml,als .......................................................................................................
. @Definition26
A fully factorised polynomial is of the form
y=alx —z1)(x —x3) -+ (x — )
............................. L 0 L O 0 G o
S dllatlon """" factor‘ .................
/ Theorem 2
................................ Polynomial behavious
Fully factored term | Algebra | Behaviour | (x1) Multiplicity
................................ iear ver
.................................... Linear ;..
_..... Quadratic (z—2)*
.................................. Cubie P
................................... Quartlc
“s Example 43
.................................. SketCh the fOllOWing polynOmials: ceevoseshosssuaass
............................. (a) y=(z+1)(z—2)(z—3) ) y=(z—2>%z+1)
.................................. (b)  y=uz(z-2) (d) y=-a(@-1(-2)(=+1)

..............................................................................................................

............................................................................................................
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- W WPV O U 0 W OO O O OO O 0 0 O
| [2023 Adv HSC Q19] S

(a)  Sketch the graphs of the functions f(z) =z —1 and g(z) = (1 —z)(3+ 2
x), showing the z intercepts.

(b)  Hence, or otherwise, solve the inequality x — 1 < (1 — z)(3 4 ) 2

o S
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Exercises

1.  Sketch the graphs for

(@) y=@-D@=-3) (¢ y=(@+1) 1) y=(—-1)3*x-3)
(b) y=z(z+2)(x-3) () y=x(-3) (3) y=2’0-2)(z+1)
() y=—-2@-DE-2) ) y=@+1)*(z-1) (& y=21-2)

(d) y=(r-2)? (h) y=—(z+2=-1° 1) y=201-2)"(r+2)

2. Sketch the graphs for

(a) y:I3+3I2+2LE (b) y:x3—6x2+9x (C) y:x3+2x2_x_2

—q2 2 <0
3.  Sketch the following function: f(x) = . (f, t2) 2
r—2x x>0

4.  Write down the equation of the lowest degree for the following polynomial graph:

N
/_z

—-

4xx

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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VARIOUS FAMILIES OF FUNCTIONS — POLYNOMIALS

Answers
1. (&) y=(@-1)(=-3)
Yy
3\\ /
" *
1 3
(b) y=z(z+2)(z-3)

Yy

+ T
2

2. (a) y=a3+322+22

(b)

y=(z+1)3

y=(z+1)*@z-1)

y=—(z+2)(x—1)3
y

x

BR

y =% —6x% + 9z
Yy

y=(z—1)>%@-3)?

y=2(1—-2)%z+2)5
Y

64

y=a34+222 -2 -2
Y

NN
R

FuNcTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL
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73

(a) y=(r+1)(z—-3)
(b) = 2z(x — 5)

() y=z(x+1)(z—-1
(d)  y=(z—2)(x—1)
(€) y=(z+4)(z+1)(
( y=z(x —3)(z+5)

(a) y=(z—-1)

(b) y=—(z+2)?

(€ y=ua(z+2)?

(d) y=@+1)(z—-2)?
(6 y=(@+3)3>*(z—1)
) y=-z(z~-1)>

o)
0

Q GeoGebra
Check solutions with £3 Geogebra

= Further exercises (Legacy Textbooks)
Source McSeveney et al! (1986, Ex 15:07).

1. The following polynomials are given in factored form. Determine their zeros
and sketch their graphs indicating clearly where they cut the x axis.

x+1)
xr —2)

y=—2(—1)*(z —4)(z +4)°

=@B—-z)(z+1)(z+2)

=(z-2)(z+1)(1 —x)
)(x +4)
1

2.  Each polynomial function has a repeated root. Sketch the graph of each neatly.

y=12°(5 - 1)
y=(z+3)3
y=—(a+9)(a—5)
y=06-2)

y=ax(x+1)(z—2)?
y=(r+1)(x—2)3

NORMANHURST BOYS’ HIGH SCHOOL

FuNcTIONS & GRAPHS



......... ..... 2"6 llll Cl'rcles ........ ........ ........ ........ ......... ......... .......... ......... ........ ......... ........ ......... ......... ..........
The general equation of a circle ( relation ) with radius 7, centred at
C(h, k) is

2.

e P(z,y) be the point that which is equidistant from a fixed point.
e (h,k) be the fixed point

e 1 be the fixed distance.

Apply distance formula:

o S




VARIOUS FAMILIES OF FUNCTIONS + CIRCLES : : : : : : : : : S 75

......... .......... .......... | The general equation of a semicircle ( function ) with radius r, centred at ... ..........
SRR C(0,0) is :

......... ......... ......... Exercises ......... .......... 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........
o Sousee DicSmmeychal] (LB Ex 409

1. éUse téhe forémula éto ﬁnd equéationéof thé follozwing Ecircleé:

(a) écentrée (1, 1) rad;ius 7 umts (d) écentré (2, —5) raédius 1 unitis

(b) écentr;e (5, O) radéius 2 unlts (e) écentreiz (0, 2) radiéus : }élnits

....... .......... ,,,,,,,, (C) ..... Centre(—3,—5)ra1us4unlts ..... (f)Centre(0,0)ralus?)unltS ....... ........ .........

(@) 2?—10p+y2+8y+82=0 () a4y’ —18x—20y+60=0

‘Answers

........ ......... 1 (a)(mf 1)2+(y71)2 g0 (B) (6 B2 0) 2 () (L8 (545)? : 16 (d)(172)2+(y+5)2 ST x2+(y72)2=i ..... ..........
| : : (f) x2 + (y— (};')2 =9 2 (a) cientre (2,3) rad;ius 8 u;'nits (b) centre ;(—4, 1) éradius 2 units (c) centére (—3,‘;—3) rac,%iius'?) uinits :

SERREEEES e DU AY centre (6;5) tadiiis 10 inifs (€) ceiitie (0;-5) radiis 4 whits () centre’ (3;0) tadius 1 iihits (g) ‘céntreé (0,0) rading 9 wnits T
(h) centre (0,0) radius:7 units: (i) centre (0,0) radius:v/T1 umnits (j) dentre (7, 8) radius /2 units 3.:(a) centre (5, ~4) radius 3
......... .......... .......... u nits (b) Centre (_477) radius.lounits (C) Centre (9, .IO) radius .1.1 units (d). centre (%,.0) ra,dius .o 7 units . ......... 444444444 ......... ..........
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......... ..... 27 44444 Ei(pblfentiél"fuﬁctidns“"i 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

A basic exponential curve has equatiogrll Y=a

N
[N

Condition on a: a>0

. ......... ....... ° Domain: D:{CEZEGR}

[ ]
=
[©]
=
8

I
=
2

I
—




. VARIOUS FAMILIES OF FUNCTIONS - EXPONENTIAL FUNCTIONS = S R R T
.....,..4...........A..4...............4.5.0..Im.potta.nt..znote..: .................................................................................................................................

: g‘ Exah1p|e 46




78 VARIOUS FAMILIES OF FUNCTIONS — HYPERBOLAS (UPRIGHT RECTANGULAR)

2.8 Hyperbolas (upright rectangular)

Q Definition 30

1
The (upright rectangular) hyperbola has equation = y=— .
y l
el
2 ..............
1 ......
| X
g Frg Pt ] Loood
2 ..............
2 S S SR SR SE SO SO S SN
e Domain: D={z:xcRN{0F) .. .. ..
o Range: R={y:zeR\{O} ...
e Behaviour at extremities: as ~ x — foo ,y—0,1ie
1
lim —= 0
r—too
e Behaviour near asymptotes: as = — O+ L,y oo Le
o1
lim — = oo
i gp | oot
Asz =07, Yoo e
1
lim — = -
= gF | areacea
This functionis discontinuous at T =
o Generalised equation: Y=tk o .

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



H Other hyperbolae exist, but they may not be upright or rectangular. General
equation:

| : : : 2 2 :

R e AR 2 x_2 _¥y S S St S S P AP SOE SO FOURE PO TS S SRR
| : : : a’>  b? :
where a is the length of the semi-major axis, and a,b > 0.

......... , ......... .~. _Example47. ......... ......... _ ......... .......... . ......... ......... .......... . ......... ......... . ......... ..........

, showing all important features.

o S




............... 80 VARIOUS FAMILIES OF FUNCTIONS — HYPERBOLAS (UPRIGHT RECTANGULAR) = =

........................... QDefiniti0n31

------------ If y is inversely proportional to z (or if y varies inversely with x), then y=—
....... =

@ Fill m thé spaées

k
e Graph of inverse variation (y = —):
x
Y
i
O

e If two wvariables are in inverse variation, then as one variable

increases the other decreases

g Eéxampgle 49
[2023 CSSA Adv Trial Q13] (2 marks) The time it takes to complete a task varies
inversely with the number of people assigned.

It takes 5 people to complete a task in 4 hours.
Find the amount of time it would take 8 people to complete the same task.

Answer: 2.5 hrs
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[2022 Adv HSC Q12] A student believes that the time it takes for an ice cube to
melt (M minutes) varies inversely with the room temperature (7°C). The student
observes that at a room temperature of 15°C it takes 12 minutes for an ice cube to

| : : | melt. :
o - | (a) Find the equation relating M and 7. 2 -
(b) By first completing this table of values, graph the relationship between 2 :
......... , ......... . temperature and tlme frOmT:5OC tOT:3OOC ...................
....... .......... ........ . 7 e s ST AN O R SO O O N PO S
U U e e Bkl -
............................... i
............................ 20
............................... ’%‘

=

g
................................. E R T

20

s
.............................. 5

=

ol

10
............................... () DI S A
................................. 0 10 20 30 40 coebossetssseesses
Temperature (T°C)
%EFurtherexermses .....................
............................... Ex 3G (x1) Ex 3G
e Q12
................................ (A) Ex 3H * QI3
Ex 3H
................................ o Q7-8, 10-12 &) Ex
o Q5-7, 9-11, 13-17
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